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The ground and first excited 0+ states of the 156−172Er isotopes are analyzed in the framework of the generator
coordinate method. The shape parameter β is used to generate wave functions with different deformations
which together with the two-quasiparticle states built on them provide a set of states. An angular momentum
and particle number projection of the latter spawn the basis states of the generator coordinate method. With
this ansatz and using the separable pairing plus quadrupole interaction we obtain a good agreement with the
experimental spectra and E2 transition rates up to moderate spin values. The structure of the wave functions
suggests that the first excited 0+ states in the soft Er isotopes are dominated by shape fluctuations, while in the
well deformed Er isotopes the two-quasiparticle states are more relevant. In between both degrees of freedom
are necessary .
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I. INTRODUCTION
The nature of the lowest-lying 0+ excited states (denoted as
0+2 state in the following) in deformed nuclei has been a long
standing problem in nuclear physics and studied by various
approaches [1]. Traditionally they have been considered to
be collective excitations such as the β-vibration[2]. In recent
years there has been calculations along this line based based
on the algebraic collective model of Rowe and co-workers [3]
as well as analytical solutions of the Bohr Hamiltonian with
a certain kind of potential and a deformation-dependent mass
term [4, 5]. There are also calculations using the interacting
boson model (IBM) with different truncated Hamiltonians [6–
9]. In these calculations the 0+2 state is supposed to be a pure
collective excitation, and its excitation energy can be fitted
together with the Yrast and the γ-bands.
Other studies do not assume that the 0+2 states are purely
collective. For example, in the quasiparticle-phonon model
(QPM) the 0+2 excitations have been investigated in several
rare-earth nuclei [10–12]. In these works the first 0+2 excita-
tions are described as one-phonon states, with the result that
the phonons are built by several (not many) two-quasiparticle
configurations. A similar conclusion is also obtained in the
studies of the 0+2 excitations in
158Gd and 168Er with the pro-
jected shell model (PSM) [13, 14]. These studies reveal the
relevance of the two-quasiparticle states in the 0+2 states. How-
ever, the shortcoming of the latter models is that they do not
work well in transitional nuclei. Recently, there has been also
calculations of the low-lying excited states with the Quasi-
Random Phase Approximation with Skyrme forces [15, 16]
and the five dimensional collective Bohr Hamiltonian with the
Gogny force [17].
In the treatment of transitional nuclei, the generator coor-
dinate method (GCM) is widely used [18]. The GCM is a
very flexible microscopic model which handles shape vibra-
tions as the Bohr Hamiltonian but that at the same time allows
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to incorporate single particle degrees of freedom. It has been
applied with great success with effective forces, like Skyrme
[19], Gogny [20] or relativistic [21], to consider situations
where the collective degrees of freedom play a relevant role,
like shape coexistence in transitional nuclei. In recent years
the GCM has been used also with separable forces to calcu-
late the first 0+ excitations in several Gd, Dy and Er isotopes
(including the transitional N = 90 isotones) [22]. In this work
the quadrupole deformation β is used as the generator coordi-
nate and after projecting on angular momentum and particle
number the Hill-Wheeler equation [23] is solved. In these
calculations the 0+2 states are interpreted as shape vibrations.
The calculated excitation energies and transition probabilities
of the 0+2 states are in good agreement with the experimental
data. However, this study is restricted to isotopes with neu-
tron number N ≤ 98. An attempt to extend this study to the
heavier Er isotopes with N > 98 was not successful.
Considering the above mentioned studies with the QPM and
PSM, one may guess that the failure of the GCM calculation
in heavier Er isotopes is due to the lack of two-quasiparticle
states in the model space. With the inclusion of the two-
particle states, one could at least expect results as good as
the PSM calculations for the heavier Er isotopes with N > 98.
In fact, there are several hints indicating that the first 0+ ex-
citations in these Er isotopes are not as collective as a pure
shape vibration. A measurement of the lifetime of the 0+2 ex-
citation in 166Er [24] showed that the transition probability of
the 0+2 state in this nucleus is not as large as expected for a
β-vibration. The best candidate for the β-vibration in this nu-
cleus is the third 0+ excited state. In 168Er, the measured E2
transition probability from the 0+2 to the 2
+
1 state is also very
small [25]. The B(E2) value of 0.08(1) W.u. is much smaller
than the value of tens of W.u. expected for a β-vibration [1].
There are also some hints in this direction from the above
mentioned calculations with the Bohr model and the IBM. In
the calculations with the Bohr model, the parameters are de-
termined by fitting the experimental spectra, and the transi-
tion rates are then calculated with these parameters. It turns
out that the B(E2) rates from the 0+2 states are always overes-
timated, sometimes by one order of magnitude. This indicates
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2that the calculated 0+2 states are ”more collective” than they
should be. In the IBM calculations the parameters are also
determined by fitting the experimental data. It was found in
Ref. [7] that the parameters determined in this way for 168Er
do not follow the smooth trend as a function of the neutron
number. However, if one assumes that the lowest collective
0+ excitation is the second 0+ excitation in 168Er, one would
get smoothly varying parameters. This also indicates that the
first 0+ excitation in 168Er may not be a collective β-vibration.
The purpose of this paper is to generalize the above men-
tioned GCM calculation [22] by simultaneously considering
different nuclear shapes and their two-quasiparticle excita-
tions in the GCM ansatz. We apply the new theory to perform
a systematic study of the first 0+ excitations in the Er isotopes
from N = 88 to N = 104. Since the light isotopes are very soft
in β and the heavy ones strongly deformed, it is expected that
the role played by the collective and the single particle degrees
of freedom as well as their coupling will be elucidated. It is
expected that the inclusion of the two-quasiparticle states will
improve the description of these 0+ states in the Er isotopes
with larger neutron numbers. It should be mentioned that the
GCM calculation with two-quasiparticle states has been used
in Ref. [26, 27] in a very restricted configuration space for the
study of Ge and Zn isotopes.
In Sect.II we give a presentation of the theoretical frame-
work and some numerical details. The results are shown and
discussed in Sect.III. We give a summary of our conclusion in
Sect.IV.
II. THEORY AND MODEL SPACE
In our calculations we use the separable pairing plus
quadrupole Hamiltonian [22, 28]
Hˆ = Hˆ0−12
∑
ττ′
χττ′
∑
µ
Qˆ†τµQˆτ′µ−GM
∑
τ
Pˆ†τ Pˆτ−GQ
∑
τµ
Pˆ†τµPˆτµ,
(1)
where the operators Hˆ0, Qˆµ, Pˆ and Pˆµ ( pi for protons and ν for
neutrons) are given by:
Hˆ0 =
∑
k
kc
†
kck, Qˆµ =
∑
k,l
(Qµ)klc
†
kcl, (2)
Pˆ =
1
2
∑
k
ckck¯, Pˆµ =
1
2
∑
k,l
(Qµ)klckcl¯. (3)
with the quadrupole operator defined by Qˆµ = r2Y2µ and µ
runs from −2 to 2.
As mentioned in the introduction as an ansatz for our wave
functions we use the shape parameter β to generate wave func-
tions |Φ0(β)〉 with this shape. For this purpose we solve the
Hartree-Fock-Bogoliubov equation with constraints on the to-
tal quadrupole moment Qˆ0 and the average particle number.
The wave function |Φ0(β)〉 of the energy minimum for a given
β value is provided by
δ〈Φ0(β)|Hˆ − λnNˆ − λpZˆ − λqQˆ0|Φ0(β)〉 = 0, (4)
with the Lagrange multipliers λn, λp and λq determined by the
constraining conditions:
〈Φ0(β)|Nˆ |Φ0(β)〉 = N,
〈Φ0(β)|Zˆ|Φ0(β)〉 = Z, (5)
〈Φ0(β)|Qˆ0|Φ0(β)〉 = Q0.
The relation between the quadrupole operator and the defor-
mation parameter β is given by Q0 =
√
16pi
5
3
4piZeR
2
0β with
R0 = r0A1/3 and r0 = 1.2 fm. For each HFB vacuum |Φ0(β)〉
there is a set of corresponding quasiparticle operators αi(β)
satisfying
αi(β)|Φ0(β)〉 = 0, ∀i. (6)
The second components of our GCM ansatz are the two-
quasiparticle states, defined by
|Φi j(β)〉 = α†i (β)α†j (β)|Φ0(β)〉. (7)
Finally, the HFB vacua and the two-quasiparticle states are
projected onto good angular momentum and particle number.
Thus the complete ansatz for our wave function has the form
|σ, IM〉 =
∫
dβ f σ,I0 (β)Pˆ
I
MK Pˆ
N PˆZ |Φ0(β)〉
+
∑
i j
∫
dβ f σ,Ii j (β)Pˆ
I
MK Pˆ
N PˆZ |Φi j(β)〉
=
∑
ρ
∫
dβ f σ,Iρ (β)Pˆ
I
MK Pˆ
N PˆZ |Φρ(β)〉, (8)
where the index ρ runs over the set {0, (i j)} and σ labels the
different states with angular momentum I. In this calculation
the axial symmetry is preserved, and each of the HFB vacua
and the two-quasiparticle states has a good quantum number
K. Therefore the summation over K is omitted in Eq. 8. The
projection operators in the above expression are given by [18]:
PˆIMK =
2I + 1
8pi2
∫
dΩDI∗MK(Ω)Rˆ(Ω), (9)
for the angular momentum projection, and
PˆN =
1
2pi
∫ 2pi
0
dφ exp[−iφ(Nˆ − N)], (10)
for the particle number projection. It has been shown in
Refs. [29, 30] that the particle number projection may cause
troubles in the case that the exchange terms of the interaction
are neglected. For this reason in our calculations we will not
neglect any term.
Minimisation of the energy with respect to the coefficients
f σ,Iρ (β) leads to the Hill-Wheeler (HW) equation [23]∑
ρ′β′
(
H Iρρ′ (β, β′) − EσIN Iρρ′ (β, β′)
)
f σIρ′ (β
′) = 0 (11)
3which has to be solved for each value of the angular momen-
tum. The GCM norm- and energy-overlaps have been defined
as:
N Iρρ′ (β, β′) ≡ 〈Φρ(β)|PˆIMK PˆN PˆZ |Φρ′ (β′)〉
H Iρρ′ (β, β′) ≡ 〈Φρ(β)|HPˆIMK PˆN PˆZ |Φρ′ (β′)〉. (12)
To cope with the problem of the linear dependence one first
introduces an orthonormal basis defined by the eigenvalues nκI
and eigenvectors uκIρ (β) of the norm overlap:∑
β′ρ′
N Iρρ′ (β, β′)uκIρ′ (β′) = nκIuκIρ (β). (13)
This orthonormal basis is known as the natural basis and, for
nκI values such that nκI/nImax > ζ, the natural states are defined
by:
|κIM〉 =
∑
βρ
uκIρ (β)√
nκI
PˆIMK Pˆ
N PˆZ |Φρ(β)〉. (14)
Obviously, a cutoff ζ has to be introduced in the value of the
norm eigenvalues to avoid linear dependences [31]. Then, the
HW equation is transformed into a normal eigenvalue prob-
lem: ∑
κ′
〈κI |Hˆ|κ′I〉gσIκ′ = EσIgσIκ . (15)
From the coefficients gσIκ we can define the so-called collec-
tive wave functions
pσIρ (β) =
∑
κ
gσIκ u
κI
ρ (β) (16)
that satisfy ∑
ρβ
|pσIρ (β)|2 = 1, ∀σ, (17)
and are equivalent to a density of probability.
Concerning the number of two-quasiparticle states consid-
ered in the GCM ansatz of Eq. 8, in this calculation we set the
following energy cutoff condition:
Ei(β) + E j(β) + E0(β) ≤ E(βmin) + 3.5MeV (18)
where Ei(β) and E j(β) represent the quasiparticle energies of
the states i and j. E0(β) is the energy of the HFB state with
deformation β given by
E0(β) = 〈Φ0(β)|Hˆ|Φ0(β)〉, (19)
with |Φ0(β)〉 the solution of Eq. 4 and βmin represents the de-
formation of the HFB minimum. E(βmin) is the energy mini-
mum of the potential energy as a function of β. The conver-
gence with this cutoff has been checked and it is very good.
The Hamiltonian of Eq. 1 has been used extensively in
many PSM calculations with great success [28]. We use
the following strengths: the monopole pairing strength is
GM = (18.75∓13.00(N−Z)/A)/A, with the sign ”−” for neu-
trons and ”+” for protons and the quadrupole pairing strength
is GQ = 0.16GM . The quadrupole-quadrupole strength can-
not be taken from the PSM because in that approach it is
fixed by the experimentally measured β deformation and it
must be adjusted separately for each nucleus, see [28]. For
the strength of the quadrupole force, we take χττ′ = χατατ′ .
Here τ and τ′ can be either protons or neutrons. For protons
αpi = (2Z/A)1/3 and for neutrons αν = (2N/A)1/3. Further-
more, χ = χ′/b4 with χ′ = 70A−1.4 MeV and b is the oscilla-
tor length (b = A1/6). The choice of the quadrupole strength
is inspired by the work of Baranger and Kumar, Ref. [32].
These authors performed a very good analysis of the Pair-
ing plus Quadrupole interaction [33]. They carried out very
extended calculations along the nuclide chart within different
approaches. In particular they calculated ground states prop-
erties and potential energy surfaces in the HFB approach as
well as in the beyond mean field approach in the framework
of the Bohr collective Hamiltonian [34]. All these facts have
contributed to the wide acceptance of the Baranger Kumar ap-
proach. Unfortunately this model is not appropriate for some
beyond mean field approaches since the single particle model
space used by Baranger and Kumar consist of only two mayor
shells and it requires the use of a core to obtain good experi-
mental agreement. The core provides, among others, a contri-
bution to the moment of inertia which is impossible to com-
bine with an angular momentum projection. As discussed in
Ref. [28] with a single particle space of three shells there is no
need to introduce a core. The effective charge for calculating
the E2 transitions are 1 + 1.5Z/A for protons and 1.5Z/A for
neutrons as in Ref. [32].
In our calculations three major shells are used as the sin-
gle particle space. For rare earth nuclei they are N = 4, 5, 6
for neutrons and N = 3, 4, 5 for protons [28]. For the single-
particle energies we use the κ and µ Nilsson parameters of
Ref. [35] for neutron and protons. Furthermore, the i13/2 or-
bit in the N = 6 shell for neutrons is shifted by −0.025 ~ω0.
The h11/2 orbit in the N = 5 shell for protons is shifted by
−0.01 ~ω0, and the rest orbits in the same shell are shifted by
+0.10 ~ω0. The purpose of these modifications of the single-
particle energies is to obtain reasonable energy curves for ei-
ther soft or well deformed Er isotopes. Without these modifi-
cations, the energy curves for 156Er will be extremely soft and
obviously unreasonable. It should be noticed that we do not
determine our parameters by fitting the observed excitation
energies of the 0+2 states, as in other calculations [4, 5, 7, 9].
III. RESULTS AND DISCUSSIONS
The Er isotopes studied in this work range from the soft
ones (with neutron number N = 88 or 90) to the well de-
formed ones (up to N = 104). A very useful information is
provided by the potential energy as a function of the deforma-
tion parameter β. The HFB ground state energy as a function
of the deformation parameter β is provided by Eq. 19. The
corresponding energy curves for the different Er isotopes are
shown in Fig. 1 as dashed lines. The HFB energies have been
4shifted in such a way that the energy of the β = 0 value of
each nucleus coincide with successive multiples of 6 MeV.
The horizontal dotted lines are plotted as an energy refer-
ence. In Fig. 1 the transition from soft to rigid deformation
is clearly visible. For 156Er the energy curve is very soft with
two shallow coexisting minima at the prolate and oblate side.
In this case one could expect large shape fluctuations and the
excitation energy of the shape vibrational state should be rela-
tively low. With increasing neutron number prolate and oblate
minima develop around |β| ≈ 0.2 − 0.3, with growing β as
N increases and a clear predominance of the prolate over the
oblate shape. Large changes are found up to N = 98 (166Er),
for larger N the potential energy curves look rather similar.
For the very well deformed isotopes one would expect small
shape fluctuations around the prolate minimum, and the gen-
uine shape vibrational excitations should appear at higher ex-
citation energies. These curves qualitatively agree with the
energy curves obtained with the Baranger and Kumar calcula-
tions of Ref. [32]. In the same figures we also plot the particle
number and angular momentum projected (PNAMP) energies
defined by
EI(β) =
〈Φ0(β)|HˆPˆI PˆN PˆZ |Φ0(β)〉
〈Φ0(β)|PˆI PˆN PˆZ |Φ0(β)〉
, (20)
where we have introduced PˆI = PˆI00. The PNAMP energies
are relative to the corresponding HFB values. The about 2
MeV energy gain obtained in the PNAMP approach with re-
spect to the HFB one at β = 0 is due only to the particle
number projection. At larger deformation we obtain about 4
MeV energy gain from both projections. The small energy
gain obtained from the angular momentum projection at very
small deformations as compared with the larger ones has as a
consequence that the prolate and the oblate minima are deeper
than in the HFB approach. We have also plotted the values of
the experimental deformations, where available [36], on the
projected curves. As one can see these values are located very
close to the absolute minimum of the corresponding energy
curves.
The next step is the solution of the Hill-Wheeler equation,
Eq. 15, which provides the energies and wave functions of the
ground and excited states. In Fig. 2 the experimental values
for the excitation energies of the 0+2 states for the Erbium iso-
topes are plotted (black squares). We observe an increasing
behavior of the excitation energies with the neutron number
N up to N = 98, then a marked decrease up to N = 102
and again an increase towards N = 104. The rough structure
of this behavior is understood in general terms: looking at a
Nilsson diagram we find a deformed shell closure at N = 98
and a less pronounced one at N = 104. Since for shell clo-
sures one expects higher excitation energies, the mentioned
closures roughly explain the observed behavior. In our model,
see Eq. 8, we have two main degrees of freedom, namely, the
shape vibrations and the two-quasiparticle excitations. To dis-
entangle the different contributions we present calculations in
three different model spaces. The first model space includes
HFB vacua of all deformations and does not include any two-
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FIG. 1: (Color online) Energy curves for 156−172Er calculated in the
HFB approach, dashed lines, and in the PNAMP one, continuous
lines. The bullet on each curve represents the experimental value of
the deformation [36].
quasiparticle state, i.e. the ansatz of Eq. 8 is replaced by
|σ, IM〉 =
∫
dβ f σ,I0 (β)Pˆ
I
MK Pˆ
N PˆZ |Φ0(β)〉. (21)
The second model space includes the HFB vacuum corre-
sponding to the minimum of the energy curve, as well as the
two-quasiparticle states built on it, that means,
|σ, IM〉 = f σ,I0 (βmin)PˆIMK PˆN PˆZ |Φ0(βmin)〉
+
∑
i j
f σ,Ii j (βmin)Pˆ
I
MK Pˆ
N PˆZ |Φi j(βmin)〉
=
∑
ρ
f σ,Iρ (βmin)Pˆ
I
MK Pˆ
N PˆZ |Φρ(βmin)〉. (22)
5The third model space correspond to the full ansatz of Eq. 8
and includes the HFB vacua of all deformations, as well as
two-quasiparticle states built on each of them. The results of
the three calculations for the 0+2 states are plotted in Fig. 2:
red bullets for model space 1, blue triangles for model 2 and
magenta diamonds for model 3. We observe in models 1 and
2 a complementary behavior. While the β vibrations provide
better results for N < 98, the two-quasiparticle degree of
freedom provides better results for N ≥ 98. These quanti-
tative results reinforce what one qualitatively would conclude
from Fig. 1. Interestingly, the results of model 3 demonstrate
how both degrees of freedom combine to reproduce the ex-
perimental results quite well. In a more careful analysis one
observes that while for N = 88, 90 the shape fluctuations al-
ready provide rather good results and for 98 ≤ N ≤ 104 the
two-quasiparticle states are sufficient, for 92 ≤ N ≤ 96 both
degrees of freedom are clearly necessary.
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FIG. 2: (Color online) 0+2 energies calculated by three different
model spaces. The model spaces 1, 2 and 3 correspond to the wave
functions of Eq. 21, Eq. 22 and Eq. 8, respectively. The experimental
data [37] is also shown for comparison.
The eigenvalues of the Hill-Wheeler equation, Eq. 11, with
the full model space for different angular momenta are shown
in Fig. 3 for the Yrast band and the band built on the 0+2
states (denoted as 0+2 band in the following) for the Er iso-
topes. In the plots we have subtracted from the energies the
rotational energy of a rigid rotor. The rotational constants
have been fixed in such a way that the energy of the 2+1 state
is zero for each isotope. The values of A in the plots are
0.057, 032, 0.021, 0.017, 0.015 MeV/~2 for 156−164Er, respec-
tively, and 0.013 for 166−172Er. The levels have been clas-
sified into bands according to their transition probabilities.
Notice that the members of the 0+2 bands do not coincide in
general with the lowest excited state with angular momen-
tum I, i.e. with I+2 state. For the 0
+
2 bands and for very
high angular momentum, the band structure may be domi-
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FIG. 3: (Color online) The calculated spectra of the yrast bands and
the 0+2 bands of
156−172Er, compared with the experimental data. The
data are taken from [37].
nated by two-quasiparticle and four-quasiparticle states. At
present the four-quasiparticle configurations are not included
in our model space, therefore we only show these bands up to
I = 10~.
We observe that while the light Er isotopes deviate from a
rigid rotor the heavier ones get close to it with increasing mass
number. A similar behavior is observed for the excitation en-
ergy of the members of the 0+2 band. Their excitation energies
are very low for the light Erbium isotopes and higher for the
heavier ones. This behavior is clearly related to the collec-
tivity of the states. The members of the 0+2 band in the light
Erbium isotopes are collective whereas those in the heavier
ones are less collective. These facts will show up in the tran-
sition probabilities, see Figs. 6-7. In general we find a good
agreement with the experimental data. In particular the good
agreement with the experiment for the low spin members of
the Yrast bands indicates that the ratio R4/2 = E(4+1 )/E(2
+
1 ) is
6correctly reproduced. This ratio is plotted in Fig. 4. It clearly
reflects the transition from soft nuclei to well deformed ones.
The description of this transition is only possible because of
shape mixing within the framework of the GCM. The higher
spin members of the yrast bands are also well reproduced
by the inclusion of the two-quasiparticle states in the GCM
ansatz. With these two-quasiparticle states we are able to de-
scribe band-crossing phenomenon at high spins. Although our
main topic are the 0+2 states, we can see the effect of the GCM
as well as two-quasiparticle states in the systematic reproduc-
tion of the Yrast bands.
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FIG. 4: (Color online) The ratio R4/2 = E(4+1 )/E(2
+
1 ) for the Erbium
isotopes.The data are taken from [37].
Not only the Yrast states are well described, the excitation
energies of the 0+2 bands are also reasonably well reproduced
as shown in Fig. 3. This is an indication that our model space
contains the important degrees of freedom for the bands based
on the 0+2 states. Many possible excitation modes have been
proposed over the years for these 0+ excitations. Besides the
β-vibrations and two-quasiparticle excitations mentioned in
Sect.I, there are other suggestions such as phonon excitation
based on the γ-vibration [38] or pairing isomers [39]. It is
very difficult to include all of these possible degrees of free-
dom in a model space. Based on the good agreement with
the experimental results it seems that in these Er isotopes, the
important degrees of freedom are the shape vibration and the
two-quasiparticle states. It should also be noticed that the mo-
ments of inertia of the 0+2 bands are also well reproduced, es-
pecially in 164−168Er, in which the 0+2 bands have larger mo-
ments of inertia than the Yrast bands.
Another relevant information is provided by the intraband
E2 transition probabilities. In Fig. 5 we plot the calculated
B(E2, I → I − 2) values along the Yrast and the 0+2 bands to-
gether with the available experimental information. We first
discuss the Yrast bands. The calculated results are in reason-
able agreement with the data except for 156Er. In particular,
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FIG. 5: (Color online) Calculated B(E2, I → I − 2) values for the
yrast bands and the 0+2 bands of
156−172Er, compared with available
data. The data are taken from [37].
the transition probability from the 2+1 to the 0
+
1 state increases
roughly with the neutron number, corresponding to the tran-
sition towards the well deformed region. The decrease of the
experimental B(E2) values at high spin, which is a result of
the band crossing, is qualitatively reproduced by the theoreti-
cal results. The calculated intraband B(E2) for 156Er disagree
with the observed data. However, they are in qualitative agree-
ment with the measured intraband B(E2) in 154Dy, which is an
isotone of 156Er. This may indicate that the disagreement of
the intraband B(E2) in 156Er does not mean a general failure
of our model for soft nuclei. It may be related to some un-
known reason in 156Er, which is not taken into account in our
model. It might be suggested that 156Er is γ-unstable and we
should include the γ degree of freedom to describe the intra-
band B(E2).
The theoretical values for the intraband B(E2) along the 0+2
bands are also shown in the Fig. 5 . They are of the same order
as those of the Yrast bands. The decrease at around I = 10~
is due to the band crossing with a two-quasiparticle band.
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FIG. 6: (Color online) Calculated B(E2, 0+2 → 2+1 ) values for
156−172Er, compared with experimental data in neighbouring nuclei
with the same neutron numbers. The data are from [37] except for
168Er and 170Er, which are taken from Ref. [25] and Ref. [41], respec-
tively.
Besides the intraband E2 transitions, the interband ones tak-
ing place between the 0+2 and the 2
+
1 states are also important.
These transition rates are related to the quadrupole collectiv-
ity of the initial 0+ state. Therefore to see the performance of
our model it is important to compare the calculated interband
B(E2) values with experimental data. However, for the Er iso-
topes these transitions probabilities has been only measured
for 166Er [40], 168Er [25] and 170Er [41]. In order to examine
the neutron number dependence of this interband B(E2), we
also include the data measured in some Sm, Gd and Yb nuclei
with the same neutron number as the Er isotopes. The cal-
culated interband B(E2) values are shown in Fig. 6 together
with the data measured in Sm, Gd, Er and Yb isotopes. It is
found that the interband B(E2) values, if the Z dependence is
ignored, decrease with growing neutron number. This trend
is reproduced by our calculations. For 156Er with N = 88, the
calculated interband B(E2) is around 100 W.u., which is of the
order estimated for a β-vibration [1] (although the estimation
is made with the assumption of well deformed nuclei). This
suggests that the 0+2 state in this nuclei may be dominated by
shape vibration. On the other hand, the calculated interband
B(E2) for 168Er is less than 0.4 W.u., which suggests that in
this case the 0+2 state may be dominated by two-quasiparticle
excitations. These suggestions are in accordance with what
was inferred from Fig. 2. Note that the variation of the in-
terband B(E2) within this nuclei is as large as three orders
of magnitude, which indicates that these 0+ excitations are of
very different structure. This large variation range has been
well reproduced by our calculation, which is another justifica-
tion of our GCM+2QP model space.
Another important observable are E0 transitions. They pro-
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FIG. 7: (Color online) Calculated E0 transition probabilities for
156−172Er, compared with the experimental data where available. The
data are taken from [43] for 164,168Er and from [44] for 166Er.
vide important information about the mixing content of wave
functions [42]. In the absence of mixing one expects pure
configurations and thereby small matrix elements and larger
ones in the presence of mixing. The matrix element of the
monopole transition m(E0) from the state I+i to the I
+
f is given
by
m(E0) = 〈I+f |
A∑
k=1
ee f f .k r
2
k |I+i 〉, (23)
with ee f f .k = e(1 + 1.5Z/A) for protons and e
e f f .
k = e(1.5Z/A)
for neutrons. The states I+i and I
+
f are given by Eq. 8. The
E0 strength is usually measured by the dimensionless quantity
ρ2(E0) related to m(E0) by
ρ2(E0) =
∣∣∣∣∣∣m(E0)eR20
∣∣∣∣∣∣2 , (24)
where R0 = r0A1/3 is the nuclear radius and r0 = 1.2 fm. In
Fig. 7 we display the ρ2(E0) values for the transitions from
the first two members (i.e., I = 0+ and 2+) of the 0+2 band
to the corresponding states of the ground band for the Er-
bium isotopes together with the experimental values. The
theoretical values for I = 2+, as expected, are very similar
to the I = 0+ ones. We observe an exponential decrease of
the strength with increasing mass number as in the previous
case of B(E2, 0+2 −→ 2+1 ) displayed in Fig. 6. This behaviour
clearly reflects the different stages of collectivity of the mem-
bers of the 0+2 band. The agreement with the experimental
results for 164Er and 168Er is good whereas for 166Er we obtain
a peak which is not observed experimentally. This is probably
related to the change of the most relevant two-quasiparticle
8configuration from neutrons in 164Er to protons in 166Er, see
Table I.
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FIG. 8: (Color online) Mikhailov plot for the nucleus 170Er and 158Er
for transitions from the 0+2 band to the ground band compared with
the experimental data where available. The data are taken from [37].
Now we want to analyse the mixing of the unperturbed
0+2 band and the ground band in the rotor model. The sim-
plest model for mixing of rotational bands was provided by
Mikhailov for well deformed nuclei [45]. This model assumes
that the origin of the mixing of the two bands is the Coriolis
force. Assuming that the intrinsic quadrupole moment of the
bands is the same one obtains [46] the simple formula√
B(E2, IEi −→ Igf )√
2(IEi 020|Igf 0)
= M1 − M2
[
Igf (I
g
f + 1) − IEi (IEi + 1)
]
,
(25)
the superscript E denotes the excited band, in our case the 0+2
band and g the ground band. If the assumptions of the model
are fulfilled M1 and M2 are constants [46] and the plot, the
so-called Mikhailov plot, of the left hand side of Eq. 25 as a
function of Igf (I
g
f + 1) − IEi (IEi + 1) should be a straight line.
Notice that for each angular momentum Ii the final states can
have I f = Ii, Ii ± 2. An isotope that satisfies the requirements
of the model and for which there are some experimental re-
sults is 170Er. In Fig. 8 we represent the calculated transition
probabilities together with the experimental data. We obtain a
qualitative agreement with the experimental data and the fit of
a straight line to the calculated points is a good approximation
indicating the validity of the model for this nucleus. In con-
trast we also display in the same figure the calculated values
for the nucleus 158Er. In this case we find that the Mikhailov
predictions are not satisfied indicating that the mixing of the
bands has a different origin and that the assumptions of the
model are not satisfied, see below.
Another analysis often used in the analysis of vibrational
bands [47] is performed by mixing unperturbed bands but
without assuming any specific form for the perturbation, the
mixing parameters being adjusted as to obtain a good fit to the
experiment. We have performed such an analysis to our data
in the terms of Ref. [47] for the nuclei 170Er and 158Er and the
results, not quoted here, are similar to the one based on the
Mikhailov plots. For the description of 170Er it is enough to
mix the unperturbed ground and the K = 0+ bands whereas
for 158Er further bands will be required.
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FIG. 9: (Color online) Absolute squares of the collective wave func-
tions calculated for the ground states and the 0+2 states in
156−172Er.
The thick continuous black lines represent |pσI0 (β)|2 and the thick
dashed red lines
∑
{i j} |pσIi j (β)|2 as a function of the deformation pa-
rameter β for the ground states. The thin blue and magenta lines
represent the corresponding amplitudes for the 0+2 states.
In the discussions above we compared the results of the cal-
culations with the measured observables and demonstrated the
reliability of our method. In the following we will focus on the
collective wave functions. According to Eq. 17, the normal-
ization of the collective wave function Eq. 16 for a given state
9σ and angular momentum I can be written as
1 =
∑
βρ
∣∣∣pσIρ (β)∣∣∣2 = ∑
β
∣∣∣pσIρ=0(β)∣∣∣2 + ∑
βρ,ρ,0
∣∣∣pσIρ (β)∣∣∣2. (26)
The quantity
∣∣∣pσI0 (β)∣∣∣2 is related to the contribution of the β-
constrained ground state (HFB vacuum), |Φ0(β)〉, to the am-
plitude of the collective wave function, while
∣∣∣pσIρ,ρ,0(β)∣∣∣2 ≡∣∣∣pσIi j (β)∣∣∣2 is related to the amplitude of the two-quasiparticle
state, α†i α
†
i |Φ0(β)〉. The separation of Eq. 26 makes sense be-
cause it allows to differentiate the collective degrees from the
single particle ones. We concentrate on the wave functions of
the ground and first excited state, σ = 1 and 2, respectively,
and for I = 0 ~. In Fig. 9 we plot the quantities |pσI0 (β)|2 and∑
{i j} |pσIi j (β)|2 as a function of the deformation parameter β for
the different Erbium isotopes. The HFB vacua contributions
to the 0+1 state are represented by thick black solid lines. In
the top panels one observes that for the 156,158,160Er isotopes
there is a contribution from the oblate part. For the heavier
isotopes only the prolate part is different from zero. Further-
more it can be seen that the width of the amplitude distribution
gets smaller as the neutron number increases corresponding
to the depth of the prolate well. This is in accordance with
the conclusion drawn from the energy curves shown in Fig. 1.
The contribution of the two-quasiparticle states to the wave
function of the 0+1 states, thick dashed red lines, is negligi-
ble for the oblate part and rather small for the prolate part of
all isotopes though it increases with growing neutron number.
That means that for the ground states the relevance of the two-
quasiparticle states is always small. The wave functions of the
ground states are dominated by the HFB vacua, as one would
expect.
The amplitudes for the 0+2 states are also plotted in Fig. 9.
The HFB vacua part is represented by thin solid blue lines and
the two-quasiparticle part by short dashed thin magenta lines.
Notice that the two-quasiparticle part of the 0+2 states peaks
close to the β-values where the vacuum part of the 0+1 states
does as it should be. A first glance reveals that now the two-
quasiparticle parts play a much more important role than for
the 0+1 states. As a matter of fact the HFB vacua contributions
are larger than the two-quasiparticle part only for the 156−162Er
isotopes while for 164−172Er the latter one predominates. In-
terestingly the HFB vacua part contribution to the wave func-
tions displays a node structure 1 for 156−164Er characteristic for
shape vibrations [18, 22]. For 166,172Er the HFB vacua contri-
butions are very small and do not show a nodal structure. The
picture that emerges from this analysis is that the 0+2 states in
the light Erbium isotopes are dominated by shape vibrations
while in the heavier ones the two-quasiparticles excitations
predominate. Though at first sight it seems a smooth change
from one nucleus to the other, small details of the wave func-
tion may cause large changes in some observables. Thus the
1 It may look that for 158−160Er the thin solid blue lines have two nodes, but
it is just because some of the values around β = 0 are very small and seems
to vanish. The real nodes corresponds to positive β values.
increase in the B(E2, 0+2 → 2+1 ) transition probability from
168Er to 170Er, see Fig. 6, can be explained noticing that the
HFB vacua contribution to the wave function of the 0+1 state
2
peaks at higher deformation than the corresponding to 168Er.
The span of several orders of magnitude observed in Fig. 6 for
the interband B(E2) transition probabilities from the 0+2 states
is not surprising if one considers the large variety of wave
functions .
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FIG. 10: (Color online) Same as Fig. 9 but for angular momentum
6 ~, top panels, and 10 ~, lower panels, and two nuclei 158Er, left
panels, and 166Er, right panels.
To know the evolution of the composition of the wave func-
tions with the angular momentum we have plotted in Fig. 10
the same quantities as in Fig. 9 but for angular momenta 6 ~
and 10 ~ and only for the nuclei 158Er and 166Er. For the soft
158Er and for the I = 6 ~ member of the Yrast band we observe
a decrease of the HFB vacua contribution, as compared with
I = 0 ~, specially for small prolate deformations and in partic-
ular for the oblate part which vanishes (not shown here). The
two-quasiparticle contribution now increases vigorously and
its maximum is about half of the HFB vacua. Concerning the
I = 6 state of the 0+2 band we observe the same tendency but
now the increase of the two-quasiparticle part is even stronger
than before. For I = 10 ~ and for both states the HFB vacua
contribution diminishes even more and the two-quasiparticle
part increases. Furthermore for the Yrast state we observe a
shift of the HFB vacua contribution to larger deformations and
another of the two-quasiparticle part to smaller deformations.
For 166Er, right panels, the role of the quasiparticles is more
important than for 158Er, in particular for the member of the
0+2 band.
In Fig. 9 we have presented the contribution of the two-
quasiparticle states for each deformation β for the Erbium iso-
topes. To evaluate the relevance of the two-quasiparticle ex-
citations for a given nucleus we need the total contribution of
2 For a well deformed nucleus the deformation of the 2+1 state is the same as
the 0+1 .
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the two-quasiparticle to all β’s, i.e., the last term of Eq. 26.
This term is represented in Fig. 11 for the Er isotopes. The
full squares are for the ground state and the bullets for the 0+2
state. It is shown that the relevance of the two-quasiparticle
excitation for the 0+2 states increases with the neutron num-
ber up to N = 98 and then remains more or less constant. In
particular, the 0+2 state is to a large extent a two-quasiparticle
excitation in the166−172Er isotopes.
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FIG. 11: (Color online) Contribution of the two-quasiparticle states
to the ground states and the 0+2 states in
156−172Er, measured by the
summation of the absolute square of the collective amplitudes over
the two-quasiparticle states and all shapes. The contributions from
the most relevant two-quasiparticle configurations are also shown.
We are also interested to know the indices (k, l) of the pair
of quasiparticles providing the largest contribution to the sum
just discussed. This contribution is given by
∑
β
∣∣∣pσIkl (β)∣∣∣2 and
plotted in Fig. 11 as triangles and diamonds for the ground
state and the 0+2 state, respectively. It is seen that the most rele-
vant two-quasiparticle configuration accounts for more or less
half of the total contribution of all two-quasiparticle config-
urations. Such a structure of the two-quasiparticle combina-
tions is in qualitative accordance with the results of the QPM
[10–12] and PSM [13, 14] calculations. The Nilsson quantum
numbers of the most relevant two-quasiparticle configurations
are listed in Table.I. They are built by time-reversal conjugate
states and are the lowest two-quasiparticle states. This is also
in accordance with the QPM and PSM results.
TABLE I: The most relevant two-quasiparticle configurations in the
0+2 states in
156−172Er.
Two-quasiparticle configuration
156Er pi 72 [404] ⊗ pi 72 [404]
158Er ν 112 [505] ⊗ ν 112 [505]
160Er ν 112 [505] ⊗ ν 112 [505]
162Er ν 112 [505] ⊗ ν 112 [505]
164Er ν 112 [505] ⊗ ν 112 [505]
166Er pi 12 [411] ⊗ pi 12 [411]
168Er ν 12 [521] ⊗ ν 12 [521]
170Er ν 52 [512] ⊗ ν 52 [512]
172Er ν 72 [514] ⊗ ν 72 [514]
IV. SUMMARY
In this work the generator coordinate method (GCM) is
generalised by including two-quasiparticle excitations built
on generating functions of different deformations as well as
the ground states. In this way the collective vibrational shape
fluctuations and the non-collective quasiparticle excitation are
taken into account within a common framework. With such
a model space and the separable pairing plus quadrupole
Hamiltonian, calculations for Er isotopes with neutron num-
ber N = 88 − 104 have been performed. The strengths of
the pairing and quadrupole force used in the calculation are
determined in a systematic way, and the single-particle ener-
gies are adjusted in order to get reasonable potential energy
curves. The calculated spectra of the Yrast bands and the
bands built on the 0+2 states are in good agreement with ex-
perimental data. The intraband (along the Yrast bands) and
interband (from the 0+2 states to the 2
+
1 states) E2 transitions
are also reasonably well reproduced (except for the intraband
B(E2) in 156Er). The transition from soft to rigid deformation
with the increasing neutron number is also well reproduced by
our calculations.
The properties of the 0+2 states are studied in detail. The
good agreement between the calculated excitation energies of
these 0+ states and the experimental data suggests that the two
degrees of freedom, i.e. shape vibration and two-quasiparticle
excitation, are sufficient for the description of these 0+ states.
The large variation of the B(E2, 0+2 → 2+1 ) values, shown in
our calculated results as well as in the measured experimen-
tal data for several neighbouring nuclei, indicates that the role
played by these two degrees of freedom in the 0+2 states are
very different for different isotopes. Studies of the collective
wave functions of these 0+ states show that in 156Er the 0+2
state is dominated by shape vibration, while the two-particle
excitation only plays a minor role. On the other hand, in
168Er the 0+2 state is dominated by two-quasiparticle excita-
tions, while the contribution from the shape vibration is al-
most negligible. The situation in other Er isotopes lie between
these two extremes, in which both degrees of freedom are nec-
essary for a reasonable description. Generally speaking, the
relevance of two-quasiparticle excitations increase with the
neutron number in the Er isotopes studied. The contribution of
11
shape vibration decrease with the neutron number. The excep-
tion is 170Er in which the shape vibrations still make a larger
contribution to the 0+2 state as compared with
168Er.
One limitation of this calculation is that the axial symmetry
is preserved and the γ-degree of freedom is not taken into ac-
count. As a consequence we do not have γ-vibrational states
in our calculations. Therefore we could not study the E2 tran-
sition between the 0+2 states to the γ-vibrational state, which
is also an important quantity discussed in the studies of the
nature of the 0+2 states. Because of these we shall include the
γ degree of freedom in our future work.
We would lastly mention that a potential application of the
theory would be the calculation of neutron pair transfer to
investigate the K = 0+ bands [1]. Two neutron transfer in
deformed nuclei is usually calculated in the HFB or QRPA
theories [48, 49]. For deformed superfluid nuclei the particle
number and the angular momentum are not conserved quanti-
ties and the use of a symmetry conserving theory like the one
presented in this work may reveal important clues on the pair
transfer phenomenon.
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